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1. Introduction and preliminaries
We ﬁrst review needed deﬁnitions. Let M be a subset of a normed space (X,‖.‖). The set PM(u) = {x ∈ M: ‖x − u‖ =
dist(u,M)} is called the set of best approximants to u ∈ X out of M, where dist(u,M) = inf{‖y − u‖: y ∈ M}. Suppose
that A and G are bounded subsets of X . Then we write
rG(A) = inf
g∈G supa∈A
‖a − g‖,
centG(A) =
{
g0 ∈ G: sup
a∈A
‖a − g0‖ = rG(A)
}
.
The number rG(A) is called the Chebyshev radius of A w.r.t. G and an element y0 ∈ centG(A) is called a best simultane-
ous approximation of A w.r.t. G . If A = {u}, then rG(A) = dist(u,G) and centG(A) is the set of all best approximations,
PG(u), of u from G . We also refer the reader to Milman [23], Sahney and Singh [27] and Vijayaraju [32] for further de-
tails. We denote by N and cl(M) (wcl(M)), the set of positive integers and the closure (weak closure) of a set M in X ,
respectively. Let f , gT :M → M be mappings. Then T is called an ( f , g)-contraction if there exists 0  k < 1 such that
‖T x− T y‖ k‖ f x− gy‖ for any x, y ∈ M . If k = 1, then T is called ( f , g)-nonexpansive. The map T is called asymptotically
( f , g)-nonexpansive if there exists a sequence {kn} of real numbers with kn  1 and limn kn = 1 such that ‖Tnx − Tn y‖ 
kn‖ f x − gy‖ for all x, y ∈ M and n = 1,2,3, . . . ; if g = f , then T is called asymptotically f -nonexpansive [32]. The map T
is called uniformly asymptotically regular [3,32] on M , if for each η > 0, there exists N(η) = N such that ‖Tnx − Tn+1x‖ < η
for all n  N and all x ∈ M . The set of ﬁxed points of T is denoted by F (T ). A point x ∈ M is a coincidence point (com-
mon ﬁxed point) of f and T if f x = T x (x = f x = T x). The pair { f , T } is called (1) commuting [16] if T f x = f T x for all
* Corresponding author.
E-mail addresses: arahim@kfupm.edu.sa (A.R. Khan), ridaf75@yahoo.com (F. Akbar).0022-247X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2009.01.007
470 A.R. Khan, F. Akbar / J. Math. Anal. Appl. 354 (2009) 469–477x ∈ M; (2) compatible (see [17,19]) if limn ‖T f xn − f T xn‖ = 0 whenever {xn} is a sequence such that limn T xn = limn f xn = t
for some t in M; (3) weakly compatible [18] if they commute at their coincidence points, i.e., if f T x = T f x whenever
f x = T x; (4) Banach operator pair, if the set F ( f ) is T -invariant, namely T (F ( f )) ⊆ F ( f ). Obviously, commuting pair (T , f )
is a Banach operator pair but converse is not true in general, see [7,14]. If (T , f ) is a Banach operator pair, then ( f , T )
need not be a Banach operator pair (cf. [7, Example 1]). The set M is called q-starshaped with q ∈ M, if the segment
[q, x] = {(1− k)q + kx: 0 k  1} joining q to x is contained in M for all x ∈ M. The map f deﬁned on a q-starshaped set
M is called aﬃne if
f
(
(1− k)q + kx)= (1− k) f q + kf x, for all x ∈ M.
Suppose that M is q-starshaped with q ∈ F ( f ) and is both T - and f -invariant. Then T and f are called (5) pointwise R-
subweakly commuting [24] if for given x ∈ M, there exists a real number R > 0 such that ‖ f T x− T f x‖ R dist( f x, [q, T x]);
(6) R-subweakly commuting on M (see [15]) if for all x ∈ M, there exists a real number R > 0 such that ‖ f T x − T f x‖ 
R dist( f x, [q, T x]); (7) uniformly R-subweakly commuting on M \ {q} (see [3]) if there exists a real number R > 0 such
that ‖ f T nx− Tn f x‖ R dist( f x, [q, Tnx]), for all x ∈ M \ {q} and n ∈ N.
For any nonempty subset M of a metric space (X,d), the diameter of M is denoted and deﬁned by δ(M) =
sup{d(x, y): x, y ∈ M}. A mapping T : X → X has diminishing orbital diameters (d.o.d.) [18,19] if for each x ∈ X , δ(O (x)) < ∞
and whenever δ(O (x)) > 0, there exists n = nx ∈ N such that δ(O (x)) > δ(O (Tn(x))) where O (x) = {T k(x): k ∈ N ∪ {0}} is
the orbit of T at x and O (Tn(x)) = {T k(x): k ∈ N∪ {0} and k n} is the orbit of T at Tn(x) for n ∈ N∪ {0}.
A Banach space X satisﬁes Opial’s condition if, for every sequence {xn} in X weakly convergent to x ∈ X, the inequality
lim inf
n→∞ ‖xn − x‖ < lim infn→∞ ‖xn − y‖
holds for all y 	= x. Every Hilbert space and the space lp (1 < p < ∞) satisfy Opial’s condition. The map T : M → X is said
to be demiclosed at 0 if, for every sequence {xn} in M converging weakly to x and {T xn} converges to 0 ∈ X , then 0 = T x.
The class of asymptotically nonexpansive mappings was introduced by Goeble and Kirk [12] and further studied by many
authors (see [3,11,22,32] and references therein). Recently, Chen and Li [7] introduced the class of Banach operator pairs,
as a new class of noncommuting maps and it has been further studied by Hussain [14] and Pathak and Hussain [25]. In
this paper, we improve and extend the recent common ﬁxed point and invariant approximation results of Al-Thagaﬁ [1], Al-
Thagaﬁ and Shahzad [2], Beg et al. [3], Chen and Li [7], Hussain [14], Hussain and Jungck [15], Khan and Akbar [21], O’Regan
and Hussain [24], Pathak and Hussain [25], Sahab et al. [26], Sahney and Singh [27], Singh [28,29] and Vijayaraju [32] to
the classes of generalized ( f , g)-nonexpansive and asymptotically ( f , g)-nonexpansive maps without any commutativity
condition of maps involved. As applications, invariant best simultaneous approximation results and the existence of solution
of variational inequalities are obtained.
2. Main results
The following result is a particular case of Theorem 2.1 of Jungck and Hussain [19] (see also [8,9]).
Lemma 2.1. Let M be a nonempty subset of a metric space (X,d), and T be a self-map of M. Assume that cl T (M) ⊂ M, cl T (M) is
complete, and T satisﬁes for all x, y ∈ M and 0 h < 1,
d(T x, T y) hmax
{
d(x, y),d(x, T x),d(y, T y),d(x, T y),d(y, T x)
}
.
Then M ∩ F (T ) is singleton.
The following result properly contains Lemma 2.10 of [14] and Lemma 2.1 of [25].
Lemma 2.2. Let M be a nonempty subset of a metric space (X,d), and T , f and g be self-maps of M. If F ( f ) ∩ F (g) is nonempty,
cl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g), cl(T (M)) is complete, and T , f and g satisfy for all x, y ∈ M and 0 h < 1,
d(T x, T y) hmax
{
d( f x, gy),d(T x, f x),d(T y, gy),d(T x, gy),d(T y, f x)
}
, (2.1)
then M ∩ F (T ) ∩ F ( f ) ∩ F (g) is singleton.
Proof. cl T (F ( f ) ∩ F (g)) being subset of cl T (M) is complete. Further, for all x, y ∈ F ( f ) ∩ F (g), we have by inequality (2.1),
d(T x, T y) hmax
{
d( f x, gy),d(T x, f x),d(T y, gy),d(T x, gy),d(T y, f x)
}
= hmax{d(x, y),d(x, T x),d(y, T y),d(T x, y),d(T y, x)}.
Hence T is generalized contraction on F ( f )∩ F (g) and cl T (F ( f )∩ F (g)) ⊆ F ( f )∩ F (g). By Lemma 2.1, T has a unique ﬁxed
point z in F ( f ) ∩ F (g) and consequently, F (T ) ∩ F ( f ) ∩ F (g) is singleton. 
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in [25] and improves Theorem 2.2 of [1], Theorem 4 in [13] and Theorem 6 of [20].
Theorem 2.3. Let M be a nonempty subset of a normed [resp. Banach] space X and T , f and g be self-maps of M. Suppose that F ( f )∩
F (g) is q-starshaped, cl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g) [resp. wcl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g)], cl(T (M)) is compact [resp.
wcl(T (M)) is weakly compact], T is continuous on M [resp. id− T is demiclosed at 0, where id stands for identity map] and
‖T x− T y‖max{‖ f x− gy‖,dist( f x, [q, T x]),dist(gy, [q, T y]),dist(gy, [q, T x]),dist( f x, [q, T y])}, (2.2)
for all x, y ∈ M. Then M ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅.
Proof. Deﬁne Tn : F ( f ) ∩ F (g) → F ( f ) ∩ F (g) by Tnx = (1 − kn)q + knT x for all x ∈ F ( f ) ∩ F (g) and a ﬁxed sequence of
real numbers kn (0 < kn < 1) converging to 1. Since F ( f ) ∩ F (g) is q-starshaped and cl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g) [resp.
wcl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g)], so cl Tn(F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g) [resp. wcl Tn(F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g)] for each
n 1. Also by (2.2),
‖Tnx− Tn y‖ = kn‖T x− T y‖
 kn max
{‖ f x− gy‖,dist( f x, [q, T x]),dist(gy, [q, T y]),dist( f x, [q, T y]),dist(gy, [q, T x])}
 kn max
{‖ f x− gy‖,‖ f x− Tnx‖,‖gy − Tn y‖,‖gy − Tnx‖,‖ f x− Tn y‖},
for each x, y ∈ F ( f ) ∩ F (g) and 0 < kn < 1.
If cl(T (M)) is compact, for each n ∈ N, cl(Tn(M)) is compact and hence complete. By Lemma 2.2, for each n  1, there
exists xn ∈ F ( f ) ∩ F (g) such that xn = f xn = gxn = Tnxn. The compactness of cl(T (M)) implies that there exists a sub-
sequence {T xm} of {T xn} such that T xm → z ∈ cl(T (M)) as m → ∞. Since {T xm} is a sequence in T (F ( f ) ∩ F (g)) and
cl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g), therefore z ∈ F ( f ) ∩ F (g). Further, xm = Tmxm = (1− km)q + kmT xm → z. By the continuity
of T , we obtain T z = z. Thus, M ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅ proves the ﬁrst case.
The weak compactness of wcl(T (M)) implies that wcl(Tn(M)) is weakly compact and hence complete due to complete-
ness of X (see [19]). From Lemma 2.2, for each n  1, there exists xn ∈ F ( f ) ∩ F (g) such that xn = f xn = gxn = Tnxn.
Moreover, we have ‖xn − T xn‖ → 0 as n → ∞. The weak compactness of wcl(T (M)) implies that there is a subsequence
{T xm} of {T xn} converging weakly to y ∈ wcl(T (M)) as m → ∞. Since {T xm} is a sequence in T (F ( f ) ∩ F (g)), therefore
y ∈ wcl(T (F ( f ) ∩ F (g))) ⊆ F ( f ) ∩ F (g). Also we have xm − T xm → 0 as m → ∞. If id− T is demiclosed at 0, then y = T y.
Thus M ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅. 
Remark 1. (1) By comparing Theorem 2.2(i) of Hussain and Jungck [15] with the ﬁrst case of Theorem 2.3, their assumptions
“M is complete, q-starshaped, f and g are aﬃne and continuous on M , T (M) ⊆ f (M) ∩ g(M), q ∈ F ( f ) ∩ F (g) and (T , f )
and (T , g) are R-subweakly commuting on M satisfying
‖T x− T y‖max
{
‖ f x− gy‖,dist( f x, [q, T x]),dist(gy, [q, T y]), 1
2
[
dist
(
gy, [q, T x])+ dist( f x, [q, T y])]
}
” (2.3)
are replaced with “M is a nonempty subset, F ( f ) ∩ F (g) is q-starshaped, cl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g) and (T , f , g)
satisfy (2.2) for all x, y ∈ M .”
(2) By comparing Theorem 2.2(ii) of Hussain and Jungck [15] with the second case of Theorem 2.3, their assumptions
“M is weakly compact, q-starshaped, f and g are aﬃne and continuous on M , T (M) ⊆ f (M)∩ g(M), q ∈ F ( f )∩ F (g), f − T
is demiclosed at 0 and (T , f ) and (T , g) are R-subweakly commuting on M satisfying (2.3)” are replaced with “wcl(T (M))
is weakly compact, F ( f ) ∩ F (g) is q-starshaped, wcl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g), id − T is demiclosed at 0 and (T , f , g)
satisfy (2.2) for all x, y ∈ M .”
(3) By comparing Theorem 2.13 of Hussain and Jungck [15] with the ﬁrst case of Theorem 2.3 with g = f , their as-
sumptions “M is complete, q-starshaped, f (M) = M , f is continuous on M , the pair (T , f ) is compatible satisfying (2.3) for
g = f , f f v = f v for v ∈ C( f , T )” are replaced with “M is a nonempty subset, F ( f ) is q-starshaped, cl T (F ( f )) ⊆ F ( f ) and
(T , f ) satisfy (2.2) for all x, y ∈ M .”
(4) By comparing Theorem 2.3 of O’Regan and Hussain [24] with the ﬁrst case of Theorem 2.3 with g = f , their assump-
tions “M is closed, q-starshaped, f is continuous and aﬃne with q ∈ F ( f ), T is f -continuous, T (M) ⊂ f (M) and f (M) is
closed, the maps f , T are pointwise R-subweakly commuting on M” are replaced with “M is a nonempty subset, F ( f ) is
q-starshaped, cl T (F ( f )) ⊆ F ( f ), and T is continuous on M .”
(5) By comparing Theorem 2.4 of O’Regan and Hussain [24] with the ﬁrst case of Theorem 2.3 with g = f , their as-
sumptions “M is closed, q-starshaped, f is continuous and aﬃne with q ∈ F ( f ), T is f -continuous, T (M) ⊂ f (M) and
f (M) is closed, the maps f , T are compatible on M and T has d.o.d.” are replaced with “M is a nonempty subset, F ( f ) is
q-starshaped, cl T (F ( f )) ⊆ F ( f ), and T is continuous on M .”
(6) By comparing Theorem 2.2(ii) of Pathak and Hussain [25] with the second case of Theorem 2.3 with g = f , their
assumptions “M is nonempty, q-starshaped, F ( f ) is closed, q-starshaped, (T , f ) is a Banach operator pair, f is weakly
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and id− T is demiclosed at 0.”
Corollary 2.4. (See [14, Theorem 2.11].) Let M be a nonempty subset of a normed [resp. Banach] space X and T , f and g be self-maps
of M. Suppose that F ( f ) ∩ F (g) is q-starshaped and closed [resp. weakly closed], cl(T (M)) is compact [resp. wcl(T (M)) is weakly
compact], T is continuous on M [resp. id− T is demiclosed at 0], (T , f ) and (T , g) are Banach operator pairs and satisfy (2.2) for all
x, y ∈ M. Then M ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅.
Corollary 2.5. (See [1, Theorem 2.1].) Let M be a nonempty closed and q-starshaped subset of a normed space X and T and f be
self-maps of M such that T (M) ⊆ f (M). Suppose that T commutes with f and q ∈ F ( f ). If cl(T (M)) is compact, f is continuous and
linear and T is f -nonexpansive on M, then M ∩ F (T ) ∩ F ( f ) 	= ∅.
Corollary 2.6. (See [2, Theorem 3.3].) Let M be a nonempty subset of a normed [resp. Banach] space X and T and f be self-maps of M.
Suppose that F ( f ) is q-starshaped, cl T (F ( f )) ⊆ F ( f ) [resp. wcl T (F ( f )) ⊆ F ( f )], cl(T (M)) is compact [resp. wcl(T (M)) is weakly
compact], T is continuous on M [resp. id− T is demiclosed at 0] and (2.2) holds for all x, y ∈ M. Then M ∩ F (T ) ∩ F ( f ) 	= ∅.
Let C = PM(u) ∩ C f ,gM (u), where C f ,gM (u) = C fM(u) ∩ C gM(u) and C fM(u) = {x ∈ M: f x ∈ PM(u)}.
Corollary 2.7. Let X be a normed [resp. Banach] space X and T , f and g be self-maps of X . If u ∈ X, D ⊆ C, D0 := D ∩ F ( f ) ∩ F (g)
is q-starshaped, cl(T (D0)) ⊆ D0 [resp.wcl(T (D0)) ⊆ D0], cl(T (D)) is compact [resp.wcl(T (D)) is weakly compact], T is continuous
on D [resp. id− T is demiclosed at 0] and (2.2) holds for all x, y ∈ D, then PM(u) ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅.
Corollary 2.8. Let X be a normed [resp. Banach] space X and T , f and g be self-maps of X . If u ∈ X, D ⊆ PM(u), D0 := D ∩
F ( f ) ∩ F (g) is q-starshaped, cl(T (D0)) ⊆ D0 [resp. wcl(T (D0)) ⊆ D0], cl(T (D)) is compact [resp. wcl(T (D)) is weakly compact],
T is continuous on D [resp. id− T is demiclosed at 0] and (2.2) holds for all x, y ∈ D, then PM(u) ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅.
Remark 2. (1) Corollaries 2.5 and 3.5 in [2] and Theorems 4.1 and 4.2 of Chen and Li [7] are particular cases of Corollaries 2.7
and 2.8.
(2) By comparing Theorem 2.8(i) [resp. (ii)] of Hussain and Jungck [15] with the ﬁrst case of Corollary 2.8, their assump-
tions “u ∈ F (T ) ∩ F ( f ) ∩ F (g), M is a subset of normed [resp. Banach] space X , PM(u) is complete and cl(T (PM(u))) is
compact [resp. PM(u) is weakly compact], T is continuous on PM(u) [resp. f − T is demiclosed at 0], T (∂M ∩ M) ⊂ M ,
f and g are aﬃne, surjective, continuous on PM(u), PM(u) is q-starshaped with q ∈ F ( f )∩ F (g), the pairs (T , f ) and (T , g)
are R-subweakly commuting, for all x ∈ PM(u) ∪ {u},
‖T x− T y‖
⎧⎨
⎩
‖ f x− gu‖ if y = u,
max{‖ f x− gy‖,dist( f x, [q, T x]),dist(gy, [q, T y]), 12 [dist( f x, [q, T y]) + dist(gy, [q, T x])]}
if y ∈ PM(u)”
(2.4)
are replaced with “u ∈ X , D ⊆ PM(u), D0 := D ∩ F ( f ) ∩ F (g) is q-starshaped, cl(T (D0)) ⊆ D0 [resp. wcl(T (D0)) ⊆ D0],
cl(T (D)) is compact [resp. wcl(T (D)) is weakly compact], T is continuous on D [resp. id − T is demiclosed at 0] and
T satisﬁes inequality (2.2) on D .”
We denote by 0 the class of closed convex subsets of X containing 0. For M ∈ 0, we deﬁne Mu = {x ∈ M: ‖x‖ 2‖u‖}.
It is clear that PM(u) ⊂ Mu ∈ 0 (see [1,15]).
Theorem 2.9. Let f , g, T be self-maps of a normed [resp. Banach] space X. If u ∈ X and M ∈ 0 such that T (Mu) ⊆ M, cl(T (Mu))
is compact [resp. wcl(T (Mu)) is weakly compact] and ‖T x − u‖  ‖x − u‖ for all x ∈ Mu, then PM(u) is nonempty, closed and
convex with T (PM(u)) ⊆ PM(u). If, in addition, D ⊆ PM(u), D0 := D ∩ F ( f ) ∩ F (g) is q-starshaped, cl(T (D0)) ⊆ D0 [resp.
wcl(T (D0)) ⊆ D0], T is continuous on D [resp. id − T is demiclosed at 0] and (2.2) holds for all x, y ∈ D, then PM(u) ∩ F (T ) ∩
F ( f ) ∩ F (g) 	= ∅.
Proof. We may assume that u /∈ M . If x ∈ M \ Mu, then ‖x‖ > 2‖u‖. Note that
‖x− u‖ ‖x‖ − ‖u‖ > ‖u‖ dist(u,M).
Thus, dist(u,Mu) = dist(u,M)  ‖u‖. If cl(T (Mu)) is compact, then by the continuity of norm, we get ‖z − u‖ =
dist(u, cl(T (Mu))) for some z ∈ cl(T (Mu)).
If we assume that wcl(T (Mu)) is weakly compact, using Lemma 5.5 in [30, p. 192] we can show the existence of a
z ∈ wcl(T (Mu)) such that dist(u,wcl(T (Mu))) = ‖z − u‖.
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dist(u,Mu) dist
(
u, cl T (Mu)
)
 dist
(
u, T (Mu)
)
 ‖T x− u‖ ‖x− u‖,
for all x ∈ Mu . Hence ‖z − u‖ = dist(u,M) and so PM(u) is nonempty, closed and convex with T (PM(u)) ⊆ PM(u). The
compactness of cl(T (Mu)) [resp. weak compactness of wcl(T (Mu))] implies that cl(T (D)) is compact [resp. wcl(T (D)) is
weakly compact]. The result now follows from Corollary 2.8. 
Remark 3. Theorem 2.9 extends Theorems 4.1 and 4.2 in [1], Theorems 2.6 and 3.6 in [2], Theorem 8 in [13], Theorems 2.13
and 2.14 in [14], Theorem 2.14 in [15], Theorem 2.12 in [19] and Theorems 2.7–2.11 in [25].
Theorem 2.10. Let f , g, T be self-maps of a subset M of a normed [resp. Banach] space X. Assume that F ( f ) ∩ F (g) is q-starshaped,
T is uniformly asymptotically regular and asymptotically ( f , g)-nonexpansive on M. If cl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g) [resp.
wcl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g)], cl(T (M)) is compact [resp. wcl(T (M)) is weakly compact and id − T is demiclosed at 0],
then F (T ) ∩ F ( f ) ∩ F (g) 	= ∅.
Proof. For each n 1, deﬁne a self-map Tn on F ( f ) ∩ F (g) by
Tnx = (1− μn)q + μnTnx,
where μn = λnkn and {λn} is a sequence of numbers in (0,1) such that limn λn = 1. For each x, y ∈ F ( f ) ∩ F (g), we have
‖Tnx− Tn y‖ = μn
∥∥Tnx− Tn y∥∥ λn‖ f x− gy‖.
Since Tn(F ( f )∩ F (g)) ⊂ F ( f )∩ F (g) and F ( f )∩ F (g) is q-starshaped, it follows that Tn maps F ( f )∩ F (g) into F ( f )∩ F (g).
As F ( f )∩ F (g) is q-starshaped and cl T (F ( f )∩ F (g)) ⊆ F ( f )∩ F (g) [resp. wcl T (F ( f )∩ F (g)) ⊆ F ( f )∩ F (g)], so cl Tn(F ( f )∩
F (g)) ⊆ F ( f ) ∩ F (g)] [resp. wcl Tn(F ( f ) ∩ F (g)) ⊆ F ( f )∩ F (g)] for each n 1. Notice that compactness of cl(T (M)) implies
that cl(Tn(M)) is compact and hence complete. By Lemma 2.2, for each n 1, there exists xn ∈ F ( f ) ∩ F (g) such that xn =
f xn = gxn = Tnxn. As T (F ( f ) ∩ F (g)) is bounded, so ‖xn − Tnxn‖ = (1− μn)‖Tnxn − q‖ → 0 as n → ∞. Now
‖xn − T xn‖ =
∥∥xn − Tnxn∥∥+ ∥∥Tnxn − Tn+1xn∥∥+ ∥∥Tn+1xn − T xn∥∥

∥∥xn − Tnxn∥∥+ ∥∥Tnxn − Tn+1xn∥∥+ k1∥∥ f T nxn − gxn∥∥. (2.5)
Since for each n 1, Tn(F ( f )∩ F (g)) ⊆ F ( f )∩ F (g) and xn ∈ F ( f )∩ F (g), therefore Tnxn ∈ F ( f )∩ F (g). Thus f T nxn = Tnxn .
Also T is uniformly asymptotically regular, we have from (2.5)
‖xn − T xn‖
∥∥xn − Tnxn∥∥+ ∥∥Tnxn − Tn+1xn∥∥+ k1∥∥Tnxn − xn∥∥→ 0
as n → ∞. Thus xn − T xn → 0 as n → ∞. As cl T (M) is compact, so there exists a subsequence {T xm} of {T xn} such
that T xm → z ∈ cl(T (M)) as m → ∞. Since {T xm} is a sequence in T (F ( f ) ∩ F (g)) and cl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g),
therefore z ∈ F ( f ) ∩ F (g). Moreover,
‖T xm − T z‖ k1‖ f xm − gz‖ = k1‖xm − z‖ k1‖xm − T xm‖ + k1‖T xm − z‖.
Taking the limit as m → ∞, we get z = T z. Thus M ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅ proves the ﬁrst case.
The weak compactness of wcl(T (M)) implies that wcl(Tn(M)) is weakly compact and hence complete due to complete-
ness of X . From Lemma 2.1, for each n 1, there exists xn ∈ F ( f )∩ F (g) such that xn = f xn = gxn = (1−μn)q+μnTnx. The
weak compactness of wcl(T (M)) implies that there is a subsequence {T xm} of {T xn} converging weakly to y ∈ wcl(T (M)) as
m → ∞. Since {T xm} is a sequence in T (F ( f ) ∩ F (g)) and wcl T (F ( f ) ∩ F (g)) ⊆ F ( f ) ∩ F (g), so y ∈ F ( f ) ∩ F (g). Moreover,
we have xm − T xm → 0 as m → ∞. If id− T is demiclosed at 0, then y = T y. Thus M ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅. 
Remark 4. By comparing Theorem 3.4 of Beg et al. [3] with the ﬁrst case of Theorem 2.10 with g = f , their assumptions
“M is closed and q-starshaped, f M = M , T (M \ {q}) ⊂ f (M) \ {q}, f , T are continuous, f is linear, q ∈ F ( f ), cl T (M \ {q})
is compact and T and f are uniformly R-subweakly commuting on M” are replaced with “M is nonempty set, F ( f ) is
q-starshaped, cl T (F ( f )) ⊆ F ( f ) and cl T (M) is compact.”
If g = f and T is f -nonexpansive on M in Theorem 2.10, then xn − T xn → 0 as n → ∞ without assuming uniform
asymptotic regularity of T , consequently, we obtain
Corollary 2.11. (See [2, Theorem 2.4].) Let M be a nonempty subset of a normed [resp. Banach] space X and T and f be self-maps of M.
Suppose that F ( f ) is q-starshaped, cl T (F ( f )) ⊆ F ( f ) [resp. wcl T (F ( f )) ⊆ F ( f )], cl(T (M)) is compact [resp. wcl(T (M)) is weakly
compact and either id− T is demiclosed at 0 or X satisﬁes Opial’s condition] and T is f -nonexpansive on M. Then F (T ) ∩ F (I) 	= ∅.
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is q-starshaped, cl(T (D0)) ⊆ D0 [resp. wcl(T (D0)) ⊆ D0], cl(T (D)) is compact [resp. wcl(T (D)) is weakly compact and id − T is
demiclosed at 0], T is uniformly asymptotically regular and asymptotically ( f , g)-nonexpansive on D, then PM(u) ∩ F (T ) ∩ F ( f ) ∩
F (g) 	= ∅.
Remark 5. Corollary 2.5 of [2] and Theorems 4.1 and 4.2 of Chen and Li [7] are particular cases of Corollary 2.12.
Corollary 2.13. Let X be a normed [resp. Banach] space and T , f and g be self-maps of X . Suppose that y1, y2 ∈ X, D ⊆
centK ({y1, y2}), where centK (A) is the set of best simultaneous approximations of A w.r.t. K . Assume that D0 := D ∩ F ( f ) ∩ F (g)
is q-starshaped, cl(T (D0)) ⊆ D0 [resp. wcl(T (D0)) ⊆ D0], cl(T (D)) is compact [resp. wcl(T (D)) is weakly compact and id − T is
demiclosed at 0], T is uniformly asymptotically regular and asymptotically ( f , g)-nonexpansive on D, then centK ({y1, y2})∩ F (T )∩
F ( f ) ∩ F (g) 	= ∅.
Remark 6. (1) Theorems 2.2 and 2.7 of Khan and Akbar [21] and Theorem 2.3 of Vijayaraju [32] are particular cases of
Corollary 2.13.
(2) By comparing Theorem 2.2 of Khan and Akbar [21] with the ﬁrst case of Corollary 2.13, their assumptions
“centK ({y1, y2}) is nonempty, compact, starshaped with respect to an element q ∈ F ( f ) ∩ F (g), centK ({y1, y2}) is invariant
under T , f and g , (T , f ) and (T , g) are Banach operator pairs on centK ({y1, y2}), F ( f ) and F (g) are q-starshaped with
q ∈ F ( f ) ∩ F (g), f and g are continuous” are replaced with “D ⊆ centK ({y1, y2}), D0 := D ∩ F ( f ) ∩ F (g) is q-starshaped,
cl(T (D0)) ⊆ D0, and cl(T (D)) is compact.”
(3) By comparing Theorem 2.7 of Khan and Akbar [21] with the second case of Corollary 2.13, their assumptions
“centK ({y1, y2}) is nonempty, weakly compact, starshaped with respect to an element q ∈ F ( f ) ∩ F (g), centK ({y1, y2}) is
invariant under T , f and g , (T , f ) and (T , g) are Banach operator pairs on centK ({y1, y2}), F ( f ) and F (g) are q-starshaped
with q ∈ F ( f ) ∩ F (g), f and g are continuous under weak and strong topologies and f − T is demiclosed at 0” are re-
placed with “D ⊆ centK ({y1, y2}), D0 := D ∩ F ( f ) ∩ F (g) is q-starshaped, wcl(T (D0)) ⊆ D0, wcl(T (D)) is weakly compact
and id− T is demiclosed at 0.”
Corollary 2.14. (See [32, Theorem 2.3].) Let K be a nonempty subset of a normed space X and y1, y2 ∈ X. Suppose that T and f are
self-maps of K such that T is asymptotically f -nonexpansive. Suppose that the set F ( f ) is nonempty. Let the set D, of best simultaneous
K -approximants to y1 and y2 , is nonempty, compact and starshaped with respect to an element q in F ( f ) and D is invariant under T
and f . Assume further that T and f are commuting, T is uniformly asymptotically regular on D and f is an aﬃne continuous mapping
on D with f (D) = D. Then D contains a T - and f -invariant point.
Proof. As f is continuous and D is closed, therefore F ( f ) is closed. Using the commutativity of T with f , we obtain
T (F ( f )) ⊆ F ( f ). Thus cl T (F ( f )) ⊆ cl(F ( f )) = F ( f ). Since f is aﬃne and q ∈ F ( f ), so F ( f ) is q-starshaped. The desired
conclusion follows now from Theorem 2.10. 
Theorem 2.15. Let f , g, T be self-maps of a normed [resp. Banach] space X. If u ∈ X and M ∈ 0 such that T (Mu) ⊆ M, cl(T (Mu))
is compact [resp. wcl(T (Mu)) is weakly compact] and ‖T x − u‖  ‖x − u‖ for all x ∈ Mu, then PM(u) is nonempty, closed and
convex with T (PM(u)) ⊆ PM(u). If, in addition, D ⊆ PM(u), D0 := D ∩ F ( f ) ∩ F (g) is q-starshaped, cl(T (D0)) ⊆ D0 [resp.
wcl(T (D0)) ⊆ D0], T is continuous on D [resp. id − T is demiclosed at 0] and T is uniformly asymptotically regular and asymp-
totically ( f , g)-nonexpansive on D, then PM(u) ∩ F (T ) ∩ F ( f ) ∩ F (g) 	= ∅.
Proof. We utilize Corollary 2.12 instead of Corollary 2.8 in the proof of Theorem 2.9. 
3. Applications to variational inequalities
In this section, we apply Theorem 2.3 to show the existence of solution of variational inequalities as in the work of
Belbas and Mayergoyz [4]. Variational inequalities arise in optimal stochastic control [5] as well as in other problems in
mathematical physics, for examples, deformation of elastic bodies stretched over solid obstacles, elasto-plastic torsion, etc.
[10,25]. The iterative method for solutions of discrete variational inequalities are suitable for implementation on parallel
computers with single instruction, multiple-data architecture, particularly on massively parallel processors.
The variational inequality problem is to ﬁnd a function u such that{
max{Lu − f ,u − φ} = 0 on Ω,
u = 0 on ∂Ω. (3.1)
where Ω is a nonempty open bounded subset of RN for some q ∈ Ω with smooth boundary such that 0 ∈ cl(Ω), L is an
elliptic operator deﬁned on Ω by
L = −aij(x)∂2/∂xi∂x j + bi(x)∂/∂xi + c(x) . IN ,
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formly in x, for x ∈ Ω , f and φ are smooth functions deﬁned in Ω and φ satisﬁes the condition: φ(x) 0 for x ∈ ∂Ω .
The corresponding problem of stochastic optimal control can be described as follows: L−cI is the generator of a diffusion
process in RN , c is a discount factor, f is the continuous cost, and φ represents the cost incurred by stopping the process.
The boundary condition “u = 0 on ∂Ω” expresses the fact that stopping takes place either prior or at the time that the
diffusion process exits from Ω .
A problem related to (3.1) is the two-obstacle variational inequality. Given two smooth functions φ and μ deﬁned on Ω
such that φ μ in Ω , φ  0μ on ∂Ω , the corresponding variational inequality is as follows:
{
max
{
min
[
(Lu − f ,u − φ),u − μ]}= 0 on Ω,
u = 0 on ∂Ω.
(3.2)
Let A be an N × N matrix corresponding to the ﬁnite difference discretizations of the operator L. We shall make the
following assumptions about the matrix A:
Aii = 1,
∑
j: j 	=i
Ai j > −1, Aij < 0 for i 	= j. (3.3)
These assumptions are related to the deﬁnition of “M-matrices”; matrices arising from the ﬁnite difference discretization
of continuous elliptic operators will have the property (3.3) under the appropriate conditions and Q denotes the set of all
discretized vectors in Ω (see [6,31]). Note that the matrix A is an M-matrix if and only if every off-diagonal entry of A is
nonpositive.
Let B = IN − A. Then the corresponding properties for the B-matrices are
Bii = 0,
∑
j: j 	=i
Bi j < 1, Bij > 0 for i 	= j. (3.4)
Let q = maxi∑ j Bi j and A∗ be an N × N matrix such that A∗ii = 1− q and A∗i j = −q for i 	= j. Then we have B∗ = IN − A∗ .
Now, we show the existence of iterative solutions of variational inequalities.
Consider the following discrete variational inequalities as mentioned above:
max
[
min
{
A
(
x− A∗ . dist(Ix, [q, T x]))− f , x− A∗ . dist(Ix, [q, T x])− φ}, x− A∗ . dist(Ix, [q, T x])− μ]= 0, (3.5)
where T , I are mappings from RN into itself implicitly deﬁned by
T x = min[max{B Ix+ A(1− B∗) . dist(Ix, [q, T x])+ f , (1− B∗) . dist(Ix, [q, T x])+ φ}, (1− B∗) . dist(Ix, [q, T x])+ μ]
(3.6)
for all x ∈ cl(Q ) such that one of the following conditions holds:
(i) cl(T (Ω)) is compact, T is continuous, F (I) is q-starshaped and cl T (F (I)) ⊆ F (I),
(ii) wcl T (Ω) is weakly compact, wcl T (F (I)) ⊆ F (I) and id− T is demiclosed at 0.
Then (3.5) is equivalent to the common ﬁxed point problem:
x = T x = Ix. (3.7)
In a two-person game we determine the best strategies for each player on the basis of maximin and minimax criterion
of optimality. This criterion will be well stated as follows.
A player lists his/her worst possible outcomes and then he/she chooses that strategy which corresponds to the best of
these worst outcomes. Here, the problem (3.5) exhibits the situation in which two players are trying to control a diffusion
process; the ﬁrst player is trying to maximize a cost functional, and the second player is trying to minimize a similar
functional. The ﬁrst player is called the maximizing player and the second one the minimizing player. Here, f represents
the continuous rate of cost for both players, φ is the stopping cost for the maximizing player, and μ is the stopping cost for
the minimizing player. This problem is ﬁxed by inducting a pair of maps (T , I) under one of the constrained conditions (i),
(ii) as stated above.
Theorem 3.1. Under the assumptions (3.3) and (3.4), a solution for (3.7) exists.
Proof. Let (T y)i = (1 − B∗i j) . [dist(I yi, [q, T yi]) + μi] for any y ∈ cl(Q ) and any i, j = 1,2, . . . ,N . Now, for any x ∈ cl(Q ),
since (T x)i  (1− B∗ ) . [dist(Ixi, [q, T xi]) + μi], we havei j
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(
1− B∗i j
)
.
{
dist
(
Ixi, [q, T xi]
)− dist(I yi, [q, T yi])}
max
{
dist
(
Ixi, [q, T xi]
)
,dist
(
I yi, [q, T yi]
)}
max
{
dist
(
Ixi, [q, T xi]
)
,dist
(
I yi, [q, T yi]
)
,dist
(
Ixi, [q, T yi]
)
,dist
(
I yi, [q, T xi]
)}
. (3.8)
If
(T y)i = max
{
Bij I y j +
(
1− B∗i j
)
. dist
(
I yi, [q, T yi]
)+ f i, (1− B∗i j) . dist(I yi, [q, T yi])+ φi},
i.e. if the maximizing player succeeds to maximize a cost functional in his/her strategy which corresponds to the best of
N worst outcomes from his/her list, then the game would be one sided. In this situation, we introduce the one sided
operator:
T+x = max{B Ix+ A(1− B∗) . dist(Ix, [q, T x])+ f , (1− B∗) . dist(Ix, [q, T x])+ φ}.
Therefore, we have
(T y)i =
(
T+ y
)
i .
Now, if (T x)i = Bij Ix j + Aij(1 − B∗i j) . dist(Ixi, [q, T xi]) + f i , then since (T y)i  Bij I y j + Aij(1 − B∗i j) . dist(I yi, [q, T yi]) + f i ,
by using (3.3), we have
(
T+x
)
i −
(
T+ y
)
i  Bij . ‖Ixi − I yi‖ +
(
1− B∗i j
)
.max
{
dist
(
Ixi, [q, T xi]
)
,dist
(
I yi, [q, T yi]
)}
 Bij . ‖Ixi − I yi‖ +
(
1− B∗i j
)
.max
{
dist
(
Ixi, [q, T xi]
)
,dist
(
I yi, [q, T yi]
)
,dist
(
Ixi, [q, T yi]
)
,dist
(
I yi, [q, T xi]
)}
. (3.9)
If (T x)i = (1− B∗i j) . dist(Ixi, [q, T xi]) + φi then since
(T y)i 
(
1− B∗i j
)
. dist
(
I yi, [q, T yi]
)+ φi,
we have
(T x)i − (T y)i 
(
1− B∗i j
)
.max
{
dist
(
Ixi, [q, T xi]
)
,dist
(
I yi, [q, T yi]
)}

(
1− B∗i j
)
.max
{
dist
(
Ixi, [q, T xi]
)
,dist
(
I yi, [q, T yi]
)
,dist
(
Ixi, [q, T yi]
)
,dist
(
I yi, [q, T xi]
)}
. (3.10)
Hence, from (3.8)–(3.10), we have
(T x)i − (T y)i  q . ‖Ix− I y‖ + (1− q) .max
{
dist
(
Ix, [q, T x]),dist(I y, [q, T y]),dist(Ix, [q, T y]),dist(I y, [q, T x])}.
(3.11)
Since x and y are arbitrarily chosen, we have
(T y)i − (T x)i  q . ‖Ix− I y‖ + (1− q) .max
{
dist
(
Ix, [q, T x]),dist(I y, [q, T y]),dist(Ix, [q, T y]),dist(I y, [q, T x])}.
(3.12)
From (3.11) and (3.12), it follows that
‖T x− T y‖ q . ‖Ix− I y‖ + (1− q) .max{dist(Ix, [q, T x]),dist(I y, [q, T y]),dist(Ix, [q, T y]),dist(I y, [q, T x])}
max
{‖Ix− I y‖,max{dist(Ix, [q, T x]),dist(I y, [q, T y]),dist(Ix, [q, T y]),dist(I y, [q, T x])}}
that is,
‖T x− T y‖max{‖Ix− I y‖,dist(Ix, [q, T x]),dist(I y, [q, T y]),dist(Ix, [q, T y]),dist(I y, [q, T x])}.
Hence the condition (2.2) is satisﬁed. Therefore, Theorem 2.3 ensures the existence of a solution of (3.7). This completes the
proof. 
Remark 7. Theorem 5.1 of Pathak and Hussain [25] is a particular case of Theorem 3.1.
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